• Theorem 6.1 The following statement are equivalent. 1. The n-dimensional pair (A, B) is controllable 2. The n×n matrix is nonsingular for any t > 0. 3. The n×np controllability matrix C =[B AB A 2 B … A n-1 B] has rank n (full row rank). • If C has rank n, then µ 1 + µ 2 + ... +µ p = n.
The set {µ 1 , µ 2 , …,µ p } is called the controllability indices and
is called the controllability index of (A, B). • Consequently, if (A, B) is controllable, the controllability index µ is the least integer such that ρ(C µ ) =ρ([B AB A 2 B … A µ-1 B]) = n.
• The controllability index satifies where r(B) = p, and
• Corollary 6.1 The dimensional pair (A, B) is controllable if and only if the matrix C n-p+1 := [B AB … A n-p B] where ρ(B) = p, has rank n or the n×n matrix C n-p+1 C T n-p+1 is nonsingular.
• Theorem 6.2 The controllability property is invariant under equivalence transformation.
• Theorem 6.3 The set of controllability indices (A, B) is invariant under any equivalence transformation and any reordering of the columns of B.
6.3 Observability
• The concept of observability is dual to that of controllability.
• Controllability studies the possibility of steering the state from input.
• Observability studies the possibility of estimating the state from output.
• Consider the n-dimensional p-input qoutput state equation 
• Theorem 6.O1 The following statement are equivalent. 1. The n-dimensional pair (A, C) is observable. 2. The n×n matrix is nonsingular for any t > 0. 3. The nq×n observability has rank n (full column rank). 4. The (n+q)×n matrix has full column rank at every eigenvalue. 
is observable if and only if the matrix has full rank or the n×n matrix O T n-q+1 O n-q+1 is nonsingular.
• Theorem 6.O2 The observability property is invariant under any equivalence transformation.
• Theorem 6.O3 The set of observability indices of (A, C) is invariant under any equivalence transformation and any reordering of the rows of C.
Canonical decomposition
• Theorem 6.6 Consider the n-dimensional state equation with
We form the n×n matrix P -1 := [q 1 … q n 1 … q n ] where the first n 1 columns are any linearly independent columns of C, and the remaining columns can arbitrarily be chosen as long as P is nonsingular.
• Then the equivalent transformation will obtain where is n 1 ×n 1 and is (n-n 1 )×(n-n 1 ), and the n 1 -dimensional subequation is controllable. We form the nn matrix where n 2 rows are any n 2 linearly independent rows of O.
• Then the equivalence transformation will obtain where is n 2 ×n 2 and is (n-n 2 )×(n-n 2 ), and the n 2 -dimensional subequation is observable. • The column of C corresponding to the first column of J ij is denoted by c fij .
• 6.6 Discrete-time state equations
• Consider the n-dimensional p-input q-output state equation
or the pair (A, B) is said to be controllable if for any initial state x(0) = x 0 and any final state x 1 , there exists an input sequence of finite length that transfers x 0 to x 1 .
• Theorem 6.D1 The following statements are equivalent: 1. The n-dimensional pair (A, B) is controllable. 2. The n×n matrix is nonsingular. 3. n×np controllability matrix has rank n (full row rank). • Theorem 6.DO1 The following statements are equivalent: 1. The n-dimensional pair (A, C) is observable. 2. The n n matrix is nonsingular (positive definite). 3. The nq×n observability matrix has rank n (full column rank). Transfer the zero state to any state.
• In continuous-time case, because e At is nonsingular, the three definitions are equivalent.
• In discrete-time case, if A is nonsingular, the three definitions are again equivalent.
• But if A is singular, then 1 and 3 are equivalent, but not 2 and 3.
6.7 Controllability after sampling
• Consider a continuous-time state equation
• If the input is piecewise constant or u[k] := u[kT] = u(t) for kT≤t<(k+1)T then the equation can be described by 
LTV state equations
• Consider the n-dimensional p-input qoutput state equation
• In the time-varying case, the specification of t 0 and t 1 is crucial.
• Theorem 6.11 The n-dimensional pair (A(t), B(t)) is controllable at time t 0 if and only if there exists a finite t 1 > t 0 such that n×n matrix where Φ(t, τ): the state transition matrix is nonsingular.
The controllability condition without involving Φ(t, τ):
Define M 0 (t) = B(t), and then define recursively a sequence of n×p matrices M m (t) as
• we have
• Using , we compute 
